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‘THIS PAPER 1S CONCERNED WITH GRAFHIC FRESENTATION AND
ANALYSIS OF GROUFED OBSERVATIONS. IT PRESENTS A METHOD AND
SUPPORTING THEQRY FOR THE CONSTRUCTION OF AN AREA-CONSERVING,
MINIMAL LENGTH FREQUENCY POLYGON CORRESFONDING TO A GIVEN
HISTOGRAM. TRADITIONALLY, THE CONCEPT OF A FREQUENCY FOLYGON
CORRESFONDING TO A GIVEN HISTOGRAM HAS REFERRED TO THAT
POLYGON FORMED BY CONNECTING THE MIDFOINTS OF THE TOPS OF THE
RECTANGLES MAKING UF THE HISTOGRAM. THE MOST IMPORTANT
DEFICIENCY IN THE TRADITIONAL FREQUENCY POLYGON IS THAT THE
AREA OF ANY SPECIFIC RECTANGLE IM THE UNDERLYING HISTOGRAM IS
) GENERALLY NOT EQUAL TO THE AREA UNDER THE FREQUENCY FOLYGON
g OVER THE SAME INTERVAL. BUE TO THIS DEFICIENCY, DATA ARE
: SELDOM PRESENTED IN THE FORM OF A FREQUENCY FOLYGON. (HW)
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*his paper is concerned with the problem of %he

‘graphic presentation and analysis of grouped obsEI-
vations. Supposg set o Il observations has been
classified on the bvasis ¢f n contiguous and nonw
ovérlapping intervels, i.e., each ovservation falils
into exactly one oémyhe intervals, and thea is -ideati-
fied by that intervﬁl. Cbservatcions so ¢lassiried

and identified are said %o be grouped. The resulting
recorded déta is tﬂen'in the form of a set of n+l

interval boundaries and = set of n integers (Nl;

N2, o o o Nn),’whéré Ni indicates .the nuaber of
<th

observations in the i’ interval and ZNi.-..-M.

Such observétions are often graphically presenied
in a histogram consisting of n rectangles (contiguou.s
and nonoverlapping) with the_widths_(wi) of the
rectangles proportional to the léngths of the groﬁpfﬁg'
intervals and the heigh%s (hi) of the rectengles
proportional to Ni/wi. Phe products bW, are conse-
quently proportional to ‘the correspon&ing ﬁercentage

of observations in' the i P

intexrval, ji.g., there
exists a constant ¢ such that chyw,=N./M. The constunt

¢ is generally incorporated into the scale used For

drawing the histogram and will be omitted hencerorin,
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‘following four parts (see figure 1):

If the last-(nt“) intervael is not fialve ihe propurilen

in it is not represented in vhe histograu. in tails
n-1
-
W.=lee N /lie tnerwise > N.W.=l,
case Z\ hlv'l l 1\11/15, OVLEIWLSC g AA:L V:‘. l

Traditionally the concept of a frequency poiyzon

"(FP) corresponding to a given histogram has meanv

thaf“polygon,forméd by connegting the nidpoints of
the tops of the"fggg;ngles making up the uistogrant,.
(Ref. Hald 49-51 Dixon & lassey 8-9) The most
important deficiency in the traditional Ifrequency
polygon is that the area of any specific.rectangla

in the underlymg higtogram is geneeslly ncr'a 33(-:‘;1;;-‘.'3. i

1nterva1.‘ Due”torbhls deflclenCJ aata'.’ fféidmdﬁﬁh'"”““

presented in the form of a- frequency polygon} Tuae

purpose of this paper is|to present a method and
supporting theory for th' coastruction of an areca=-
conserving, minimal length frequency polygon COrLES™
pongding to a given histogram.

For purposes of this paper histograms-and fne-'

quency polygons will be wonsidered to havelthe‘
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1) the base-iine, the norizontal line of leng?
Zwi upon which the histogram or FP : is cons cructed;
2) & 3) the two sides, which rise verulcally'
froxﬂ both ends of the vase liné; o
4) the upper outline (UO) which comprises the
remainder of the hisvogram o FP, e function consisting
of connected line segmenis which)'connec'taa 7'§h€= two sides

across the top.

The base line will be assumed to0 be that portion oI
an axis of abcissas from zero to 2 Wy - i
In terms of this nomenclature, the method this _
paper presents is thatv of the construc’uon of an ¢
corresponding to a glve.n n--:.n'kc.rve.l hmstogram ‘such
s e
1) letting zi=2 wl;,' R
: k=1 s o
FPUO dx = Z W 11{ y i=1, o wie DL
0 S k—l - Lo
(or i=l, « o o D=l if the last interval is no%v finite);

<4
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2) the FPUO is the minimal length FFUO consisting

of 2n connected line segments such Inat there ai

no more than two line segmenvs over

We will firs+t show which two-

segmented UQ's conserve The area.

of a single rectangle (see Figure

¢ Wowsel

2). We are given thé rectangle

ABCD, its sides being segments of

vertical lines Lland L. An UO
is to be constructed consisting
of the two line segaenis P and
PF with Eon Ly & distance q

below B and with F on L, a dig-

tance r above ¢,

re

any given intervad.

In order to coaserve the area of

ABCD.we‘restr:i_.ct. q and r as follows: q<£AB, r>=CD.

For such an arbitrary point-(q,r)iin.the_q-r plane

we seek the locus of points P between I and;Lz

such that the area of the pentagbn AEEFD!is'fhe game
b o L\- . - .

as that of the rectangle ABCD.

Loocate the point O which is the

- midpoint of the line segmen’d

BC (Figure 3). Extend the 1ine;;

FO to intersect I, at o' and
the line B0 to intersecct L2 av

F'. Draw the line E'F"‘T?

. L! L{"-
IF .
A N
i :
S B g C
..f. E . |
. !
|
i
A D
Figare 2
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Theorem I
B'7PY is the set of points such that for eny |
point P od E'F', area ALPFD = area ABCD. | ' i%
Draw in the auxilliary lines l : //ia o %?
EF and GH where GH is parallel ¥o ; ,/7 é§
E'F* and passes through O (figure .hﬁff |
4). The area of.gﬁéﬂtrapez01d g ]
| AGHD is the same as the area of | % %
ABCD since AGOB = A COH. frape- 9 ;
i' zoid AGHD = trapezoid AEFFD «+ % %;
] parallelogram EGHF and parallelo- A 'S |
f gram EGHF is %.parallelo*ram. N “ jiy}gurc 4
? D“'F'F. It’remglns to show bnat any urlangle'gb'x f
; with P' on E'F' has half.of the area of parallelograi
é o ~ EE'F'F. Draw PP parallel to ‘7 |  ' p ‘
 FF* (figure 5). Then A EPP'= | y 75
% . % parallelogran EE'PP* and | | 'E R ‘ \%{// ‘.;,Ei
; v /\ FPPY = % parallelbgram_EE“F'F. ‘ .‘ A B |
T T T AZPR AEPP' +AFPP'=} parallelogram - Figur 5.
EE'F'F. Qe B De | B |

Ve also need to know which P minimizes the sum

of the lengths of line segments EP+PT.
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Theoren II

‘mlnxmlzes EP + PF is a%t

Given two points I and

F and a line L parallel %o

the line through E and T,

the point P on L which

Tigure €

the 1ntersectlon of 1, and the. perpendiculer bisector
of the segmentvEszf;gure €).
Let O be a‘ppint between E and F and d the lengin
of segment EF. Then for some ¢, 0<£qg<1, EO=qd
and FO=(1l-q)d. If P0=c, then -
EP + PP = Jq2d2+02 + (1—q)262+02 .

The derivative of this with respect to q is

. __2qd° - 2(3-0)d®
\/Q252+02 o Ajil-q)262+02

This is made equal to zero by le'b‘c:.nb Q=i

which

means that EP+PF is minimized when EO=F0, that is,

when PO is the perpendluular blsector of EF.

W,

[ —_—
RS

ooy
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If ABCD is a rectar;ie Toraed between L~ and L2

and Z,F,E',IF' are points determined by the guantiities

d
q and r as indicated above and P is at fthe interseciica

of the perpendicular bisecctor of EF and E'I, +then

"the length of EP (and IP) is
N

A Y

. wz(q—r)a - w2+(a+r)2
wor(qerd& T g

Proof

Let a be the distance

between the lines E'F' and ?
EF and let 2b be the length ' " e

- \"Y >.
of EF and E'F', (figure 7) |

_, T Construet FG parallel to
; BC. (2’0)2 = w2+(q+r)2

% 2 = wls(g+r)?

AT TR TR G e T 2 T T I T el R RRY
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A EE'H is similar €6 A 20Q" (g
i

Construct (figure 8) B'H
perpendicular to EF, the
length of E'H=a.
ZE'=BE=FC=q~r:

Q is the midpoint of I¥
QQ' is perpendicular to IE

and QQ' = 4w. Thus since

o KoWwiet

= s bas a : q=x

w o .a

20 T Q=2

or

a = ﬂﬁ%%gz . I

a2 wola=r)° o 4 "
=3

o~
[5

Wl i) .

Thus
2 2
(EP)2 = az+b2 = (g-r) o+ we o

w2+(q+r)2 4

i

) ~y
(g1}

For future reference let us identify this

. QoEoDo-

UG lengvi

thuss
| glq,r,w) = 2Ep
= 4w g~1)?
N, W ( q+1) 2

oje

w

'+’(q+r)2 ;




In review, Thecrens I and II wshow how vo fiad

the minimal length area-coaserving 2-sezuent UO for

-

a given rectangle of widtvh w and given wvalues of ¢

"

and r. Theorem III establishes the lengih ¢f tais

UO. . If q and w are. given and we seek that »r wilca

gives us the minimel length U0 we find the derivavive,

2g(q,r,w) _ 1 ovr{ c=2) ‘--2w(c-z—x')(a---r):2 L =)
o= : ;.,,:.,f 2 - p TS o 2\l
27T 2g " ‘wi(g+r) Em-\ q+T) ]

Consider w as fixed and the above derivative to ue
a surface with reference to the q-r planc. Coasider
the points (the function) on the gq-r plane at waich

this derivative surface passes through the Pplade;

i.e., consider the points|at waich the surface is

zero. A computer program was written which has shovm.

this function to be monotbnic increasing for ¢ in
the range of our application. 4 computer subrouwvine,
named UZBEK, using an iteravive procedure (1nuurngl
halving) has been written %o find the required » for

a given q,w(and an r-ninimus to prevent the U0 Lfrom

passing below the base line of the rectaﬁgle)}

We now consider the provlem of constructing the

minimal length, area—con serving 4-segaented UQ over

a given 2-rectangle hmaacgram with only the sides oF

T

the FP grven. Let ql be the left side of the I .

. 1‘. , E . : .
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hnistogram mainus the ielv side ol
. . 2 ‘

. I -> . ~ - ot st o pley e
e I'2 ana pe tinc 114 : :
0 ta ) q2 ! et - "

o o
E side of the FP minus tae righv -9, /

%"' sige of the histogram (sece

figure 9). Let the difference

i I RS

&
»

between the height of the rightv — W, i

rectangle and the lelt rect- ; .
o oo Figure 9 .
angle be rl+r2=d. < We ‘now j :

seek the pair of numbers(rl,rZ) such that g(aq,. m*l,wl)

+ g(qz,rz,wz) is minimized. We again consider une
| derivative surface Deg/dr over the (-r plane for &
- fixed we. ILet fl(r) =ag(ql,r,wl)/a 1 and i‘z(r) =

Qg(q?_,-r,wz)/ or. These are the intersections of the

TEDTHOIRE AR T TR AN A e

planes q=Q4 and 4=, with the Wy type derivavive

surface and the W, type 'reépec_'t:ively. Nosice That
since rl=d-r2, a change in Iy produces & chz_mge in oo,
_____,k_r___}j{l__{xi_q_l}__‘q_if_i",e_:gg__ﬂfrox_q that of’ Ty only in sign. Thus, waen |

the point marking the divieion of d into Ty and r, is |

moved along the left side of the rigit rec“l;angl'e the rate

of change of the length of the leit portion of the FRUC
is opposite in sign o that of the right portion. We
want the overall derivative, or the sum of these W0

_derivatives, %o be zero.  This is accomplisned when




Y 2 N = gy ey oTm el .
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a Lagrangian multipiier provlem but reguires nhkaesd gl

methods. Another couputver suorouvineg, nened CRYE,

has been writien to provide the minimal leagii, ardds-

conserving 4-segmented FPUO given ql,qz,é, g and Woe

. We are now ready to deseribe a procedure for

f; constructing an FP for the general histozram made o

o qdwde!

n rectangles. IR %he histogram UC there are n-l

f vertical line segments which we will call "riserst.

Ly e s ol

The midpoints of the risers are used for the Lirst

ooy

stage estimates ol the neignt of the required fi¥ av

the.interval boundaries. - The first such riser Ak G

point is used to obtain an estimate of the hisizht OF

Ty TP R GO S SN e RS T T g TR,

5 the left side of the 7P (using UzBEK). his lex'

side point, along wilkh the widpoint of the second riser,

- " 4s used to obtain a new ppint on the first riser
e (using ORYX). Then the niw first riser point and the
third riser midpoint are used 1o ovtain a new second

riser point. This method is carried out across wHhe

histogram until only the last riser widpoint remains

unchanged. Then (using UZBEK) the’last riser midpoinwt

is used to estimate the right side. TFinally the

right side point and the new point on the next To the
last riser are uaed to owvain a new point on the last

é riser. This procedure is ‘repeatied across the histogra




severad cimes until snoe point wivtn Tihie J“&uLSL
cnange in its position on ies riser is iess than BOLE
prespecified number. e change tested is expressed
as the fraCtlon of <Tne riser traversed during une

pass. TAis -proceaure orxnuu ‘the maximwi’ o nﬁ :

under .0001 in about n passes

[
LY
.

To complete the reguired firequoncy POLYyEon, Wa

need the points (Rh.within the intervals which &re

'\0'

derived from the points on the risers. Let The orisln

' for derivation of a given P be the top left corner ofF

thne histogram rectangle for that interval. (See .
figure 10) The point P - :‘. |

is at the intersection of

1) the line through (0,-x)
with lepe_S%; énd

2) the line through (¥ , %55

. W
with slope - ST

Solving the resulting A (0‘.°)~.
simultaneous equations in x» &

and y we obtain- BN Chaty

. s
wS* -q 2 and e . .l

(q+r) W

(g-r) Dwk=( q-:-'f')zj
2 [w? +(q+r)? ]

Pigure 10
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Phis completes Part I oi tac cubline oi tane JCrLic
and method of constructing tie rcguired Srequency polysch.
An imporsant characveristic of such IPs is that vhelr
shapes are not invariant wihen tihc width (wi) scale ia
changed. Since this scale is essentially arbitrary (we
can measure lengths in- inches or aeters or furlbngsy_etc.),
we need a criterion wp;gpvestabliéhes a standard scale
for a given set of grouped data. This toPic'will e
taken up in the next part. Other topics to be considerec
ares |

1) uses of the minimal length area-conserving fre;
quency polygon, such as:

a) comparison of hypothesized theoretical distritu-—

tions and cbrresponding actual 6bservation$ '

b) interpolation of perc;ntilés derived ffom grouﬁed

data |

2) sample graphs. of frequency polygons.
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